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I.

Introduction

The term panel data is used in econometrics to refers to data sets with repeated
observations over time for a given cross-section of individuals. Individuals can be
persons, households, firms, countries,... It is different from repeated cross-sections
in that the same (identifiable) individuals are observed at different points in time.
The main advantages of panel data are two. First, they allow us to deal with
permanent unobserved heterogeneity, this is, potentially relevant variables that
are fixed over time, but unobserved by the econometrician. Second, it allows
us to analyze dynamic responses and error components. The latter consists of
analyzing separate pieces of the unobserved term (e.g. calculate the variance of
the permanent and the transitory parts of the unobservable). The former is to
allow for feedback from past variables into future outcomes.
It is important to distinguish between micro and macro panel data. Our interest
in this course is in the first one, that refers to the case in which we have a
large number of individuals N , and a relatively small number of periods T (e.g.
household surveys). Macro panel data sets have longer T but smaller N (e.g. daily
stock market returns for IBEX, Dow Jones, and Eurostoxx composites). This
distinction is important because in the first case, asymptotic results are typically
derived for a fixed T and N → ∞, and, hence, the employed methods are closer to
cross-section approaches. Econometric approaches to deal with macro panel data
generally have a time series flavor.
II.

Static Models

We initially consider the static panel data model:
yit = x0it β + (ηi + vit ),

(1)

where yit and xit are observed by the econometrician, and ηi and vit are not
observed. Sub-indexes are intentionally used both for random variables and for
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observations to distinguish variables that are individual and time-varying, constant individual-specific. Let {yit , xit }t=1,...,T
i=1,...,N be our sample. We define y i ≡
(yi1 , ..., yiT )0 , y ≡ (y 01 , ..., y 0N )0 , Xi ≡ (xi1 , ..., xiT )0 , X ≡ (X10 , ..., XN0 )0 , η i ≡ ηi ιT
where ιT is a size T vector of ones, η ≡ (η 01 , ..., η 0N )0 , v i ≡ (vi1 , ..., viT )0 , and
v ≡ (v 01 , ..., v 0N )0 . Therefore, for our sample, we can rewrite the model as:
y i = Xi β + (η i + v i ),

(2)

y = Xβ + (η + v).

(3)

for {y i , Xi }N
i=1 , or:
Both compact notations are very useful in derivations.
For static models, we assume the following:
• Fixed effects: E[xit ηi ] 6= 0, or random effects: E[xit ηi ] = 0.
• Strict exogeneity: E[xit vis ] = 0 ∀s, t. This assumption rules out effects of
past vis on current xit (e.g. xit cannot include lagged dependent variables).
• Error components: E[ηi ] = E[vit ] = E[ηi vit ] = 0.
• Serially uncorrelated shocks: E[vit vis ] = 0 ∀s 6= t.
• Homoskedasticity and i.i.d. errors: ηi ∼ iid(0, ση2 ) and vit ∼ iid(0, σv2 ), which
does not affect any crucial result, but simplifies some derivations.
A simple approach to estimate β is to ignore the error structure. This is, define
u ≡ η + v, and estimate β by OLS:
β̂ OLS = (X 0 X)−1 X 0 y.

(4)

The properties of β̂ OLS depend on E[xit ηi ], as E[xit vit ] = 0 (xit . If E[xit ηi ] = 0
(random effects), β̂ OLS is consistent as N → ∞ or T → ∞ or both. However, it
is efficient only if ση2 = 0, i.e. if ηi = 0 ∀i. If E[xit ηi ] 6= 0 (fixed effects), β̂ OLS
is inconsistent as N → ∞ or T → ∞ or both. Note that cross-section results are
also inconsistent, and panel data helps in constructing a consistent alternative.
A.

The Fixed Effects Model. Within Groups Estimation

We first assume correlated (fixed) effects: E[xit ηi ] 6= 0. As already noted,
OLS estimation of such model delivers inconsistent estimates. As an alternative,
consider the transformation of the model in deviations from individual means,
P
ỹit ≡ yit − ȳi , where ȳi ≡ T −1 Tt=1 yit :
ỹit = (xit − x̄i )0 β + (ηi − η̄i ) + (vit − v̄i ) = x̃0it β + ṽit.
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(5)

Note that the transformation eliminates the individual effect, as η̄i = ηi . As a
result, and given our earlier assumptions, E[x̃it ṽit ] = 0, and OLS on the transformed model delivers consistent estimates. Such estimator is called the within
groups estimator, and can be written as:

−1
β̂ W G = X̃ 0 X̃
X̃ 0 ỹ.

(6)

This estimator is consistent regardless of whether E[xit ηi ] 6= 0 or E[xit ηi ] = 0
if strict exogeneity, E[xit vis ] = 0 ∀s, t, is satisfied. Strict exogeneity plays an
important role for consistency when N → ∞ and T is fixed. If this assumption
is not satisfied, E[x̃it ṽit ] 6= 0 even if E[xit vit ] = 0. To see it, recall that x̃it =
xit + T −1 (xi1 + ... + xiT ), and ṽit = vit + T −1 (vi1 + ... + viT ). Dynamic panel data
models were developed, in part, to relax this assumption.
The “general” consistency of the within groups estimator is an important advantage of the estimator compared to OLS and GLS (the latter, to be seen below). But
this advantage comes at a cost: (i) it is not efficient if E[xit ηi ] = 0 when N → ∞
but T is fixed (it is efficient when both N, T → ∞), and even if E[xit ηi ] 6= 0, it is
only efficient if all regressors in xit are correlated with ηi ; and (ii) it does not allow
identification of coefficients for time-invariant regressors (it also poorly identifies
coefficients of almost invariant regressors), and it only uses individuals for whom
regressors vary (switchers) for identification of the other coefficients.
The within groups estimator can also be obtained by including a set of N individual dummy variables in the regression:
yit = x0 β + η1 D1i + ... + ηN DN i + vit ,

(7)

where Dhi = 1{h = i} (e.g. D1i takes a value of 1 for the observations on
individual 1 and 0 for all other observations). OLS estimation of this model gives
estimates that are numerically equivalent to within groups. For this reason, the
within groups estimator is also known as least squares dummy variables estimator.
This alternative derivation provides intuition on why within groups is not very
efficient if T is finite, as the degrees of freedom are N T − K − N = N (T − 1) − K.
An alternative transformation of the model that also eliminates the individual
effects is first-differencing:
∆yit = ∆x0it β + ∆vit ,

(8)

where ∆yit = yit − yit−1 . The fact that this transformation eliminates individual
effects is evident from that they are time-invariant (∆ηi = ηi − ηi = 0). Therefore,
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OLS estimation on the differenced model is consistent. An advantage of firstdifferenced least squares is that it only requires E[∆xit ∆vit ] = 0 for consistency,
which is implied by but weaker than strict exogeneity. However, under the classical assumptions, within groups is more efficient. First-differenced least squares,
nonetheless, is more efficient if vit is a random walk.
B.

The Random Effects Model. Error Components

Now we turn into the assumption of uncorrelated or random effects: E[xit ηi ] = 0.
In this case, OLS is consistent, but not efficient. The inefficiency is provided by
the serial correlation introduced by ηi :
E[uit uis ] = E[(ηi + vit )(ηi + vis )] = E[ηi2 ] = ση2 ,

for s 6= t.

(9)

Likewise, the variance of the unobservables is:
E[u2it ] = E[ηi2 ] + E[vit2 ] = ση2 + σv2 .

(10)

Therefore, the variance-covariance matrix of the unobservables is a block-diagonal
matrix formed by elements:
 2
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η
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(11)

. . . ση2 + σv2
0
0
..
.




 = Ω.


(12)

. . . ΩN

Under the classical assumptions and random effects, a GLS estimator that incorporates this covariance structure, as noted by Balestra and Nerlove (1966), is
consistent and efficient:
β̂ GLS = (X 0 Ω−1 X)−1 X 0 Ω−1 y.

(13)

This estimator is unfeasible, as ση2 and σv2 are unknown.
Consistency crucially relies on E[xit ηi ] = 0. To see it, it is convenient to rewrite
β̂ GLS as the OLS estimation on the theta-differenced model:
yit∗ = x∗it 0 β + u∗it ,

with yit∗ ≡ yit − (1 − θ)ȳi
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and θ2 =

σv2
.
σv2 + T ση2

(14)

Note that this transformation does not eliminate the individual effect in general, so
if E[xit ηi ] 6= 0, GLS is inconsistent. This transformation illustrates two interesting
extreme cases: (i) if ση2 = 0, the estimator boils down to OLS, and, hence, OLS is
efficient; (ii) if T → ∞, then θ → 0, yit∗ → ỹit = yit − ȳit , and the estimator reduces
to within groups. Therefore, within groups is efficient if T → ∞.
A feasible GLS estimator is obtained by recovering consistent estimates of ση2
and σv2 . A consistent estimator of σv2 is provided by the within groups residuals:
ṽˆit ≡ ỹit −

x̃0it β̂ W G

⇒

σ̂v2

ˆ0 ṽ
ˆ
ṽ
=
.
N (T − 1) − K

(15)

To obtain an estimate of ση2 , we need to recover the residuals of a between groups
estimation, which is the OLS regression on the cross-section of individual averages:
ȳi = x̄0i β + η̄i + v̄i ,

i = 1, ..., N.

(16)

In particular, ση2 is recovered from the residuals of that regression, using the
estimated σ̂v2 :
0

ūˆi ≡ ȳi − x̄0i β̂ BG

⇒
C.

\
ˆ ū
ˆ
1
ū
σ̂ū2 = (ση2 + σv2 ) =
T
N −K

⇒

σ̂η2 = σ̂ū2 −

1 2
σ̂ . (17)
T v

Testing for Correlated Individual Effects

Given the efficiency advantage of feasible GLS compared to within groups when
the random effects assumption is satisfied, but its inconsistency otherwise, it is
useful to test whether we are in a random or fixed effects situation. As β̂ W G is
consistent under the two situations, but β̂ F GLS is only consistent in the random
effects case, we can test wether they are similar.
This comparison is done by the Hausman test (Hausman, 1978):
a

h ≡ q̂ 0 [avar(q̂)]−1 q̂ ∼ χ2 (K)
under the null hypothesis of E[xit ηi ] = 0, where:




q̂ = β̂ W G − β̂ F GLS , and avar(q̂) = avar β̂ W G − avar β̂ F GLS .

(18)

(19)

The test requires the classical assumptions to be satisfied, in order to ensure that
feasible GLS is more efficient than within groups.
III.

Dynamic Models

We now include feedback from past shocks into future outcomes, relaxing strict
exogeneity. We focus on first order autoregressive models, but the results can be
generalized to other forms of persistence, and to the inclusion of regressors.
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A.

Autoregressive Models with Individual Effects

We consider the following model:
yit = αyit−1 + ηi + vit

|α| < 1.

(20)

We assume that we observe yi0 , and, hence, our sample includes observations
for i = 1, ..., N , and t = 1, ..., T . We keep the error components and serially
uncorrelated shocks assumptions (and potentially the homoskedasticity/iid), but
we relax strict exogeneity. Instead, we assume a much weaker condition, namely
predetermined initial condition: E[yi0 vit ] = 0 for t = 1, ..., T . Note that we are in a
fixed effects situation as E[yit−1 ηi ] 6= 0 by construction. Likewise, E[yit−1 vit−1 ] 6= 0.
Even if E[yit−1 vit ] = 0, OLS is biased. In particular:
plim α̂OLS > α,

(21)

N →∞

because E[yit−1 ηi ] = ση2



1−αt−1
1−α



> 0. Likewise, within groups is biased because

E[ỹit−1 ṽit ] 6= 0. In particular:
plim α̂W G < α,

(22)

N →∞

because E[ỹit−1 ṽit ] =

−Aσv2


< 0, with A =

(1−α)(1+T (1−αt−1 −αT −1−t ))+αT (1−αT −1 )
T 2 (1−α)2


.

Note that the within groups bias vanishes as T → ∞, but, in practice, the bias is
not small even with T = 15. Given the sign of the biases, OLS and within groups
give interesting bounds, and estimators that give α̂ >> αOLS or α̂ << α̂W G should
be seen with suspicion.
A seminal approach to correct these biases was proposed by Anderson and Hsiao
(1981, 1982). Consider the model in first differences:
∆yit = α∆yit−1 + ∆vit .

(23)

OLS in first differences is inconsistent, because E[∆yit−1 ∆vit ] = −σv2 < 0. However, if the serially uncorrelated shocks assumption holds, E[yit−1 vit ] = 0 and yit−2
or ∆yit−2 are valid instruments for ∆yit−1 . In particular, they satisfy the relevance
condition, as E[∆yit−2 ∆yit−1 ] 6= 0 and E[yit−2 ∆yit−1 ] 6= 0, and the orthogonality
condition, as E[∆yit−2 ∆vit ] = E[yit−2 ∆vit ] = 0. Therefore, the Anderson-Hisao
estimator is:


−1
0 \
0
\
\
α̂AH = ∆y
∆y
∆y
−1
−1
−1 ∆y,

(24)

−1 0
0
\
∆y
Z ∆y −1 ,
−1 = Z (Z Z)

(25)

where:
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and Z is either y −2 or ∆y −2 . A minimum of three periods (T = 2 plus yi0 )
is needed to implement it. This approach is only efficient if T = 2 (otherwise,
additional instruments are available, as discussed below).
B.

Difference GMM Estimation

In a very influential paper, Arellano and Bond (1991), proposed a GMM estimation that uses all available exogenous variation in the estimation. In particular,
they use the fact that for a given period t, not only yit−2 satisfy relevance and orthogonality conditions, but also yit−3 , ..., yi0 do so. Therefore, the Arellano-Bond
is defined by the following (T − 1)T /2 orthogonality conditions:



yi0

 yi1 

 



yi0

 y 
E[∆vi2 yi0 ] = 0, E ∆vi3
= 0, . . . , E ∆viT  i2  = 0.

 . 
yi1

 .. 
yiT −2
It is convenient to write these

yi0 0 0 0 . . .
 0 yi0 yi1 0 . . .

Zi =  .
..
.. .. . .
 ..
.
.
. .
0

0

0

(26)

moment conditions as E[Zi0 ∆v i ] = 0, where:



0 0 ...
0
∆vi2
 ∆vi3 
0 0 ...
0 



and
∆v
=
 ..  . (27)

i
..
..
..
 . 
.
. ...
. 

0 . . . yi0 yi1 . . . yiT −2

∆viT

The sample analogue is:
bN (α) =

N
1 X 0
Z ∆v i (α),
N i=1 i

(28)

and the Arellano-Bond estimator is:
α̂GM M = arg min
α

N
1 X
∆v 0i (α)Zi
N i=1

!
WN

N
1 X 0
Z ∆v i (α)
N i=1 i

= (∆y 0−1 ZWN Z 0 ∆y −1 )−1 ∆y 0−1 ZWN Z 0 ∆y.

!

(29)

In order to obtain efficient estimates, the optimal weighting matrix should be
used. The unfeasible optimal weighting matrix is:
WN =

N
1 X
E[Zi0 ∆v i ∆v 0i Zi ]
N i=1

!−1
,

(30)

and a feasible and asymptotically equivalent alternative is obtained in two-steps as:
!−1
N
1 X 0 \ \
WN =
[Z ∆v i (α̂)∆v 0i (α̂)Zi ]
.
(31)
N i=1 i
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Windmeijer (2005) proposes a finite sample correction of the variance that takes
into account that α is estimated.
A common one-step weighting matrix (often used also as a first-step when the
optimal two-step is calculated) uses:



2 −1 0
0 ... 0
−1 2 −1 0 . . . 0


E[∆v i ∆v 0i ] = σv2  .
.
..
.. . .
..
 ..

. .
.
.
0
0
0
0 ... 2

(32)

Note that the weighting matrix can be multiplied by any positive scale factor
without affecting the results, so there is no need to know σv2 .
There are two main shortcomings with this approach. The first one relates to
weak instruments. If α → 1, relevance of the instruments decreases. As long as
α < 1, the instruments are still valid, but have very poor small sample properties.
Monte Carlo evidence shows that with α > 0.8, the estimator behaves poorly unless really huge samples are available. There are alternatives in the literature (like
System-GMM) that mitigate this problem. The second one relates to overfitting.
If T is relatively large compared to N , there might be “too many” instruments.
In that case, we might want to restrict the number of instruments to be used.
In general, it is good practice to check the robustness of the results to different
combinations of instruments.
C.

System GMM Estimation

The System GMM estimator, proposed by Arellano and Bover (1995) uses additional moment conditions in the estimation. In particular, it uses the fact that
if we assume E[y0i |ηi ] = ηi /(1 − α) then E[∆yis ηi ] = 0, or, equivalently:
E[∆yiT −s uiT ] = 0,

uiT ≡ ηi + viT ,

(33)

for s = 1, ..., T −1. Thus, moment conditions are rewritten as E[(Z ∗ )0 u∗i ] = 0, with:




Zi
0
...
0
∆v i
∗
∗
Zi ≡
and ui ≡
,
(34)
ηi + viT
0 ∆yi1 . . . ∆yiT −1
and the System GMM estimator is:
α̂Sys−GM M = X ∗ 0 Z ∗ WN Z ∗ 0 X ∗

−1

X ∗ Z ∗ WN Z ∗ 0 y ∗ ,

(35)

where:
Xi∗


≡

∆y −1i
yiT −1


and
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y ∗i



∆y i
≡
.
yiT

(36)

This estimator is more efficient that differenced GMM, as it uses additional moment conditions. It also reduces the small sample bias, especially when α → 1.
D.

Specification Tests

There are several relevant aspects for the validity of the estimation that can be
tested formally. The null hypothesis that the orthogonality conditions are satisfied (i.e. moments are equal to zero) can be tested in general, as the estimation
problem is typically overidentified (if T > 2). The standard Sargan/Hansen overidentifying restrictions test is applicable (Sargan, 1958; Hansen, 1982). The test
statistic is:


!−1
N
N
N
X
X
X
1
1
ˆ0i Zi 1
ˆi  ,
S=N
Zi0 ûi û0i Zi
Z 0 û
û
(37)
N i=1
N i=1
N i=1 i
ˆ are those predicted
where û are predicted residuals from the first stage and û
a

from the second stage. Under the null, S ∼ χ2 (L − K).
In some cases, we might be more confident on some moment conditions than
others. If the problem is overidentified, we can test whether the results are stable
to the inclusion/exclusion of the orthogonality conditions associated with such
stronger assumptions: if these hold, efficiency is increased by using them, but if
not, the estimator is inconsistent. This suggests again a Hausman test for the
differences in coefficients, like in the random vs fixed effects assumptions. We
can also do an equivalent test from the moments perspective, testing whether the
extra orthogonality conditions evaluated at the estimated parameters are close
enough to zero (incremental Sargan test).
Finally, Arellano and Bond (1991) proposed a direct test for serial correlation
of shocks, whose absence is crucial for the validity of instruments. In particular,
the null hypothesis of the test is the absence of second order autocorrelation in
the first-differenced residuals. Specifically:
0

d
\
∆v
−2 ∆v ∗ a
∼ N (0, 1),
m2 =
se

(38)

where ∆v −2 is the second lagged residual in differences, and ∆v ∗ is the part of the
vector of contemporaneous first differences for the periods that overlap with the
second lagged vector. Values close to zero do not allow rejection the hypothesis
of no serial correlation.
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