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Duopoly Models with Consistent Conjectures 

By TIMOTHY F. BRESNAHAN* 

The theory of oligopoly price is very sensi- 
tive to behavioral assumptions. Even given 
identical assumptions about costs and de- 
mand, different models can predict every 
price between marginal cost and monopoly. 
This paper selects a single oligopoly model, 
and thus predicts a single oligopoly price. 
The selection criterion is consistency of con- 
jectures; each firm's conjectures about the 
way other firms react to it will be correct. 

The two classical oligopoly theories, 
Bertrand and Cournot, make identical as- 
sumptions about costs and demand, but dif- 
ferent assumptions about firm behavior. In 
Cournot equilibrium, each firm maximizes 
profit given the quantity of output other firms 
produce. In Bertrand equilibrium, each firm 
maximizes given the prices other firms charge. 
This difference in behavioral assumptions 
leads to a large divergence in predicted prices. 
Cournot predicts positive markups that de- 
cline as the number of firms increases, while 
Bertrand predicts marginal cost pricing even 
in duopoly. Clearly both models cannot be 
correct. Is their truth an empirical question, 
as recent work suggests?' This paper at- 
tempts to decide on theoretical grounds. 

No attempt to decide among Bertrand, 
Cournot, and their more modern competitors 
can be based on mathematical correctness. 
Economic criteria must guide the decision. 
Oligopoly models are examples of what game 
theorists call Nash equilibrium. In them, ev- 
ery firm maximizes profits given the actions 
of all other firms. The mathematics does not 
care whether "actions" are defined to be 
prices (Bertrand), quantities (Cournot), or 
any other variables. Yet these distinctions 

are crucial to the economics of the situation. 
The notion of Nash equilibrium already 
entails one economic condition-individual 
rationality. This paper will determine the 
correct definition of actions by imposing a 
further economic condition- consistency of 
conjectures.2 

The precise sense in which conjectures are 
to be consistent is this; the conjectural varia- 
tion and the reaction function will be equated. 
The conjectural variation is the firm's conjec- 
ture about other firms' behavior. In Cournot, 
for example, each firm conjectures that all 
other firms' quantities are constant. The re- 
action function is the firm's actual behavior. 
It is the solution to the profit-maximizing 
problem, and tells what the firm will do as a 
function of all other firms' actions. Clearly, 
what the firm conjectures affects how it re- 
acts. This paper will search for cases where 
conjectures and reactions are the same- 
where each firm's conjectures about other 
firms' reactions are perfectly correct, locally.3 

Every notion of Nash equilibrium has the 
feature that, in equilibrium, each firm's be- 
liefs about the level of all other firms' actions 
are confirmed. For example, in Cournot 
duopoly, each firm's equilibrium quantity is 
that one which induces the other firm to 
produce its equilibrium quantity. The firms 
are right in their beliefs, in Fellner's famous 
remark, but right for the wrong reason. That 
is, it is not actually true, as conjectured by 
the firm, that the other firm's quantity is a 
constant. The other firm's quantity depends 
nontrivially on ours-the reaction function 
does not have zero slope, although the con- 
jecture does. This paper will find Nash equi- 
librium notions in which firms are right for 

*Assistant professor of economics, Stanford Univer- 
sity. Comments from H. Sonnenschein, E. Green, Wil- 
liam Novshek, S. Freeman, R. Porter, R. Willig, the 
managing editor, and a referee have been very helpful. 
Responsibility for any remaining errors lie with me. 

'Two recent papers treating the oligopoly equi- 
librium notion as an empirical question are Elie Appel- 
baum and my own. 

2A review of oligopoly models, of the idea that they 
can predict any prices, and of the notion of "conjecture" 
can be found in William Fellner or James Friedman. 

3Similar notions of consistency have been taken up 
independently by other researchers. See John Laitner, 
David Ulph, and Morton Kamien and Nancy Schwartz. 
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the right reason. In equilibrium, they will be 
correct not only about the levels of one 
anothers' actions but also about the functions 
according to which they are reacting.4 One 
might view this as a kind of rational expecta- 
tions oligopoly theory. Consistency of con- 
jectures makes the way firms react to one 
another endogenous by requiring that it be 
correct. 

In the next section, a consistent conjec- 
tures equilibrium (CCE) is defined. A series 
of examples show what CCE price is under 
different assumptions about cost and de- 
mand. For example, with constant marginal 
costs the Bertrand conjectures (which imply 
marginal cost pricing) are consistent. A sec- 
ond section gives the central theorem of the 
paper: Under certain assumptions about cost 
and demand, the CCE exists and is unique. 
Uniqueness is a very important property- 
when the CCE is unique, consistency of con- 
jectures solves the problem of too many 
oligopoly solution concepts by determining a 
single equilibrium price and quantity. Sec- 
tion III points out two ways in which in- 
creasing returns to scale could cause nonex- 
istence of the CCE. Section IV investigates 
the role of the CCE when the conditions of 
the duopoly are set by firm's investments in 
capacity. It concludes that, with constant 
returns, capacity cannot serve as a barrier to 
entry. Defense of the CCE as a sensible way 
to solve the oligopoly problem is postponed 
until Section V. 

This section establishes notation and de- 
fines a consistent conjectures equilibrium. In 
the classical case studied by Bertrand and 
Cournot (constant marginal cost) it is shown 
that the Cournot equilibrium is not a CCE. 
It is further shown that the Bertrand equi- 
librium is a CCE in this case. The section 
concludes by examining two examples in 
which the CCE lies between Bertrand and 

Cournot, depending on the cost and demand 
functions. 

The quantity produced by firm i (i= 1,2) 
is labelled qi. The vector of both firms' out- 
puts is called q: 

(1) q-(ql ,q2). 

If the products are perfect substitutes, it will 
be convenient to define the industry quan- 
tity, Q: 

(2) Q=ql +q2- 

Let us assume that the inverse demand func- 
tions are all defined. The notation for de- 
mand is 

(3) Pi=Pi(ql, q2)- 

When the products are perfect substitutes, 
(3) takes the form 

(4) PI=P=P(Q). 

The costs to firm i are given by the cost 
function ci(qi). 

Let us use the notational convention of 
Lester Telser and write all oligopoly solution 
concepts as if they had quantities as strategic 
variables. To do this, we adopt the idea of 
conjectural variation, r. Firm i acts as if it 
believes 

(5) aqj/aqi=rij(qi) for j= 1, 2; j =i. 

Throughout, it shall be maintained the con- 
vention that firm ] is the other firm when 
speaking about firm i. The observable impli- 
cation of (5) is that firm i acts as if it believes 
that it faces a demand curve with slope 

dPi aPi aP. 
(6) dq rij(i diaqi 8qj 

Some examples may clear up the notion of 
conjectural variation. Let the two products 
be perfect substitutes. Then firm 1 acts as if 
it faces a demand curve with slope 

(7) dP/dql = P'(Q) (1 + r2(ql)). 

4The phrase "consistency of conjectures" or similar 
ones have sometimes been used to indicate correctness 
about the levels of strategic variables. This paper adapts 
the more common usage and calls correctness about 
levels "being in equilibrium." 



936 THE A MERICAN ECONOMIC REVIEW DECEMBER 1981 

Thus, if r12 =0, firm 1 is a Cournot player. If 
r2 = - 1, firm 1 is a Bertrand player, since in 
this case total quantity, and therefore price, 
is conjectured to be a constant. If r12 = 1, 
firm 1 acts like a colluder. In this case, the 
firm acts as if it can affect total output, but 
not its own market share. If r2 1 r12 in any 
of the above cases, then the reaction func- 
tions yield the named equilibrium con- 
cepts- Coumot, Bertrand, or Collusion. Of 
course, r,1(qi) could be a more complicated 
function, and r12 need not equal r2,. What is 
important here is that assumptions about r 
are assumptions about the equilibrium con- 
cept. 

We now examine the impact of the solu- 
tion concept, that is, the r, on firm behavior. 
The profit function for firm i is 

(8) ji=Pi(q)qi-ci(qi). 

The corresponding first-order condition for a 
profit maximum is 

(9) 

Oq~ ( ~Pa1(q1, q2) + aP(q1 ,q2) 

+P.(ql,q2)_ ac,(qi) 

which implicitly defines qi in terms of the 
quantity produced by the other firm, qj. The 
reaction function p is defined by 

(10) qi=pi(qj) solves (9). 

What function p is depends on r, as well as 
on the cost and demand functions. Note that 
in (9), the actual qj enters even though firm i 
supposedly has conjectures about what qj 
will be. These conjectures, therefore, are un- 
like those of a Stackelberg leader. In the 
present model, each firm does in fact react to 
the other, in a way that depends on conjec- 
tures. For any given conjectures, we could 
define an oligopoly equilibrium point, q*, in 
the usual way: 

(11) if ql*=pl(q2*) and q2*=P2(ql*), 

then q* is an equilibrium. I now extend this 

definition so that the conjectures are correct 
as well. 

Definition: A consistent conjectures equi- 
librium is a pair of quantities q*, and of 
conjectures (r12(ql), r21(q2)), such that 

(12) q1* =p1(q2*), q2* :P2(q,*), 

and there is some e>O, such that 

(13) r12(ql)r aP2(q) 

for all ql*- e<ql<q*+e; 

(14) r21(q2) apq 

for all q2*- e<q2< q2* +E 

The way to read (13) is: r,2 is one's conjec- 
ture about two, P2 two's actual behavior. In 
this definition (12) assures that both firms 
are correct about the level of one another's 
reaction functions. This is merely the usual 
Nash equilibrium condition. What (13) and 
(14) assure is that the firms are correct about 
the higher order derivatives as well. Perhaps 
the definition can be clarified by the familiar 
observation that the Cournot conjectures and 
reaction functions are not the same. 

Example 1: Cournot equilibrium is not a 
CCE when marginal costs are constant, de- 
mand is linear, and products are perfect sub- 
stitutes. Recall that the Cournot solution 
concept is defined by r12=r21 0. With con- 
stant marginal cost ac/aqi, firm l's profit is 
given by 

(15) Hi = [P(Q) -aclaqi] ql, 

and the analog of (9) is 

(16) q1P'(Q)+p(Q)-ac/aqi=O. 

An implicit differentiation gives the slope of 
l's reaction function: 
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Exactly the same analysis could be carried 
out for firm 2, yielding 

(18) ap2/aq, = -P'(Q)/2P'(Q)=- 1/2 

If the Cournot conjectures are to be con- 
sistent, (17) and (18) must be zero. Since 
they are equal to -1/2 everywhere, the 
Cournot conjectures are inconsistent, as is 
well known. Each firm assumes that the other 
firm's quantity is constant. Yet each firm, 
because of that assumption, has a reaction 
function which is not a constant. The firms 
optimal behavior differs from their assump- 
tion about one another's behavior. 

The Cournot example makes clear that 
Cournot firms are not very sophisticated. I 
will not proceed by giving firms more 
sophisticated behavior: quite the reverse. We 
will look for those conjectures which are held 
by the firm to be certainly true, and which 
just happen to turn out to be correct. The 
spirit of this enterprise is therefore not one 
of giving firms discretion, but of removing 
their discretion by imposing correctness. Let 
us now search for the CCE under the same 
constant marginal cost assumption. 

Example 2: Under the constant mc assump- 
tion, the Bertrand equilibrium is a CCE for 
any demand function P(Q). Let the firms 
have identical linear conjectures with slope r. 
That is, r12 =r21 = r. Then the first-order con- 
dition for firm 1 is 

(19) (l+r)q1P'(Q)+P(Q)-ac/aqi=O. 

and the slope of the reaction function is 

(20) 

ap1 - P'(Q) + (I +r)q1P"(Q) 

aq2 (2+r)P'(Q)+ (I +r)q1P"(Q) 

Note that if r= - l(Bertrand), then the reac- 
tion function has slope -1 as well. Since the 
situation is symmetric, firm 2's reaction 
function has the same slope. Therefore the 
Bertrand equilibrium is a CCE for this case. 

The economic intuition of this example is 
straightforward. Recall that the Bertrand 
equilibrium has price equal to marginal cost. 
Suppose that one duopolist's behavior is: 

charge marginal cost and meet all demand. 
The only possible action for the other firm is 
marginal cost pricing. No action that at- 
tempts to reduce industry quantity can work, 
since the first firm will meet demand at 
marginal cost. 

The conclusion that the Bertrand equi- 
librium is the CCE depends in a critical way 
on the cost and demand assumptions of the 
classical models. Let us now consider two 
examples in which those assumptions are 
relaxed. In the first of these, the constant 
marginal cost assumption is relaxed, and the 
marginal cost function is allowed to slope 
up. As the slope moves from horizontal to 
vertical, the CCE moves from Bertrand to 
Cournot. 

Example 3: Let the total cost function be 
quadratic: 

(21) c(qi)=co+clqi+c2(qi) /2, 

with co, C1, c2 all nonnegative. Further, let 
P(Q) be linear with slope d. With a linear 
conjecture with slope rl2, firm l's first-order 
condition is 

(22) P(Q)+d(l+rl2)ql 

- (ac(q1)/aq1) =0. 

The derivative of l's reaction function is 
then 

(23) ap1/aq2=-d/[(2+r,2)d-C2]. 

A straightforward calculation (shown in the 
Appendix) yields the slopes at the CCE. 
These equate the rs to the ps. 

(24) r 2r21 

=-1 +C2[1-(1-4d/c2)'/2]/2d 

As can be seen by inspection, the slopes of 
the consistent conjectures in this case lie 
between 0 (Cournot) and -1 (Bertrand). 
The CCE is determined by the ratio of the 
slopes of the marginal cost and demand 
functions. When that ratio is zero (constant 
marginal cost) the CCE is Bertrand equi- 
librium. As the ratio approaches infinity 
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(vertical mc) the CCE approaches Cournot 
equilibrium. The latter polar case clarifies 
the intuition; if marginal cost curves are 
vertical, there are no sensible strategic vari- 
ables except quantities. 

In the next example, the CCE departs 
from Bertrand because the duopolists' prod- 
ucts are not perfect substitutes. Again the 
intuition is clear. One would expect that the 
closer substitutes products are, the more 
competitive firm interactions are. 

Example 4: Let the inverse demand function 
be linear and exhibit some product differ- 
entiation. 

(25) aPi/aqk=:dik; i,k=1,2. 

Marginal costs are constant at ac/aqi. In 
this context, the Cournot conjectures con- 
tinue to have slope zero. But the slope of the 
Bertrand conjectures is 

(26) rij -djj/dji, 

which is - 1 only if the products are perfect 
substitutes. In the case of imperfect sub- 
stitutes, therefore, the Bertrand equilibrium 
prices are above marginal cost. The CCE 
prices are yet higher. To see this, first calcu- 
late the first-order maximum condition for 
firm i: 

(27) 0=Pi(q)-ac1aqi+qi(dii+di rij) 

The reaction function has slope: 

(28) api/aqj1 -dij1/(2die+dijrij ) 

An easy calculation (see the Appendix) gives 
the CCE conjectures' slopes: 

(29) rj=1[-diidjj 

+ [(diidij ) (d djj-dijdj)J] 1/2 /dijdjj] 

Note that the CCE conjectures do not in- 
volve square roots of negative numbers as 
long as both demand functions slope down 
in own price and the products are no more 
than perfect substitutes. Equation (29) has 

two interesting polar cases. First, if either d12 
or d 21 is zero, the consistent conjectures are 
those of Cournot. (And of Bertrand-without 
demand-side interaction, all oligopoly solu- 
tion concepts are identical.) Second, if the 
determinant under the second radical is zero, 
that is, if the products are perfect substitutes, 
the CCE is Bertrand. In general, the CCE 
lies between Bertrand and Cournot, with the 
Jacobian determinant of the demand func- 
tion determining exactly where. 

II 

This section investigates the (local) sense 
in which a general linear duopoly has a 
unique CCE. Uniqueness is important, be- 
cause it shows that the CCE does determine 
a single duopoly equilibrium. Before stating 
the uniqueness theorem, let us look at one 
more example, which shows that the conjec- 
tures must be completely correct for the CCE 
to be unique. 

Example 5: Suppose that firms have nonlin- 
ear conjectures (rij(qi) not a constant) but 
that we only require that their conjectures be 
linearly correct. This partial consistency im- 
poses no restriction on the equilibrium prices 
and quantities. The example again uses the 
constant marginal cost case with perfect sub- 
stitutes. Demand has slope d and cost c'. But 
now the conjectural variations are quadratic, 
with slopes: 

(30) rij(qi) =r, +r2 (qi-O) 

where r,, r2, and 0 are parameters. Then the 
slope of firm i's reaction function is 

(31) api(qj)/aqj=-1/(2+rij(qi) +r2qi). 

The limited notion of consistency is this: at 
the equilibrium quantities, the slopes of the 
actual reaction functions are equal to the 
conjectured slopes. The second derivatives 
are left arbitrary. 

With that notion, we can get limited con- 
sistency of any reaction slope between 0 and 
- 1. First, set r, equal to the desired reaction 
slope. Set 0 equal to the equilibrium quantity 
at that slope. That leaves this equation for 
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the reaction slopes at those equilibrium 
quantities: 

(32) api(6)/aqj-l1/(2+r1+r20) 

and then r2 can be picked at will to make the 
reaction function have slope rl. 

The example clearly generalizes as far as 
desired. The firms could be incorrect about 
the forty-second derivative of the reaction 
function, rather than the second. Prices would 
still be arbitrary. The sense in which con- 
sistent conjectures are correct is therefore 
quite strong. The reaction functions are ex- 
actly the same functions as the conjectures, 
at least at the equilibrium point. 

The assumptions needed for the unique- 
ness theorem should be familiar from re- 
marks surrounding the examples: 

ASSUMPTION 1: The inverse demand func- 
tions are linear in the positive orthant and are 
truncated at the axes. In the interior of the 
positive orthant, the Jacobian of the demand 
system is negative semidefinite. It is negative 
definite unless the products are perfect sub- 
stitutes. 

ASSUMPTION 2: The total cost function is 
quadratic, positive-valued, increasing, and 
convex over positive quantities. That is, both 
total and marginal cost functions slope up. 

These assumptions combine the elements 
of departure from the classical case of exam- 
ples 3 and 4. 

ASSUMPTION 3: Fixed costs are not so 
large as to swamp variable profits, nor are the 
firms' cost functions so different that one is 
dominated out of the market. (This assump- 
tion will be made precise in the course of the 
proof. Without it, uniqueness would not be 
called into question, but existence would.) 

THEOREM 1: Under Assumptions 1-3, there 
is a CCE with linear conjectures. The CCE is 
unique in the class of polynomial conjectures. 
(Proof is shown in the Appendix.) 

Uniqueness in the class of polynomial con- 
jectures is about as strong a result as can be 

gotten here. The reason for this is that con- 
jectures about behavior far from the equi- 
librium point are irrelevant. If, say, doubling 
output were conjectured to cut profit by 
one-third instead of one-half, there would be 
no effect on behavior. Precisely the sense in 
which the CCE can be unique is local. The 
conjectures and the reaction function have 
the same Taylor series at the equilibrium 
point. Since the polynomials in the theorem 
are of arbitrarily large degree, this is what 
has been proven. For example, it has been 
shown that the equilibrium notion of 
Bertrand is the uniquely correct one in the 
classical case of constant marginal cost. 

III 

This section presents two examples of 
nonexistence of the CCE under increasing 
returns to scale. The first of these posits 
perfect substitutes, constant marginal costs, 
and nonzero fixed costs. The second example 
is constructed with a linear, downward- 
sloping marginal cost function. 

When mc is constant and products are 
perfect substitutes, the CCE equilibrium con- 
cept will be Bertrand. Then equilibrium prices 
will be equal to mc-an unfortunate out- 
come for firms with fixed costs. Since reve- 
nue just covers variable cost, profits will be 
negative. Exit should follow. This CCE, 
which was an equilibrium given only local 
information, is not an equilibrium when the 
total conditions are taken into account. Thus, 
in this case, there will be no CCE. 

Example 6: The cost function is the 
quadratic one of example 3, above. But here 
cO O, c 1>O, c2<0, so that mc slopes down. 
P(Q) is linear with slope d. The inverse 
demand function cuts the mc curve from 
above in the positive orthant. I begin by 
looking for a CCE with linear conjectures. 
The derivatives of the reaction functions are 
exactly as in example 3, above: 

(33) apl/aq2= -d/(d(2+r12)-c2); 

(34) ap2/aq1 =-d/(d(2+r21)-c2). 

Imposing the conditions of the CCE and 
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substituting (33) into (34) yields 

(35) r122 - 2r2 / 12 2+r r C2-cd d] 

The quadratic equation implied has determi- 
nant 

(36) (2-c2/d )2 -4<o, if c2<O. 

Thus no linear CCE exists for C2< O. Since 
Lemma 2 (see the Appendix) shows that 
linear duopolies like this one have linear 
CCE's if they have any polynomial ones, no 
polynomial CCE exists for this technology. 

It is easy to understand the nature of this 
nonexistence proof, and of the comparable 
result when the technology has fixed costs 
and constant marginal costs. In these in- 
stances, global increasing returns reign. Any 
duopoly equilibrium is dominated in cost 
terms by some single firm outcome. Hence it 
is the theory of entry, not of duopoly, which 
determines price. Monopoly equilibria do ex- 
ist. Thus only equilibria with the cost mini- 
mizing number of firms in operation exist. 

IV 

This section presents an example of capac- 
ity investment oligopoly. In it, firms invest in 
fixed capital in advance of the market period. 
Then it is the SR cost function which is 
relevant to the market equilibrium. Since the 
market equilibrium is a CCE, there is no 
intertemporal inconsistency in firms' beliefs 
about one anothers' behavior. The example 
explores the nature of capacity as a barrier 
to entry (see Michael Spence) under the as- 
sumption that the post-entry duopoly solu- 
tion concept is a CCE. It clearly shows that 
capacity alone is not a sufficient barrier with 
a constant returns Leontief technology. 

Example 7: Producers must invest in fixed 
capital in advance of the market period, and 
cannot alter their capacity during the market 

period. The overall production technology is 
Leontief: 

(37) qi = min [ Li/X, KilK 1 

where Li is labor, Ki capital in place, and X 
and K are constants. Label firm i's capacity 
by ki=Ki/K Then the short-run (fixed K1) 
marginal cost is 

(38) srmc =- c 0<qi<ki 

where c is X times the wage rate. Long-run 
total costs include a charge for capital, of 
course. Let f be K times the interest rate. 
Then, 

(39) Irmci=c+f. 

As before, demand is linear: P=A +d(q 
+ q2)' 

The equilibrium concept has two stages, 
capacity and market. By imposing CCE on 
the market equilibrium, we insure that per- 
fect foresight at the capacity investment stage 
involves no inconsistency. As a first step, let 
us calculate the market CCE as a function of 
capacities. The capacity constraint changes 
the firms' maximization problems, since 
profit maxima can come either at an interior 
solution or at the capacity constraint. The 
Kuhn-Tucker conditions for a profit maxi- 
mum are 

(40) qid(l +rij) +P(Q)-c>O, 

[qid (I +rij) +P(Q) -C] [ki-qi] =0. 

In working toward calculation of the CCE, it 
will be useful to have a few points on the 
mapping from conjectures to reaction slopes 
on hand, as in Table 1. The table shows what 
kind of CCEs are possible. Both firms could 
be unconstrained; in this case they will be 
Bertrand players, as example (2) showed. 
This occurs only if industry capacity is suffi- 
cient to set demand price to c. Alternatively, 
both firms could be constrained; this occurs 
when their capacities are both so small that 
the constraint binds with the (correct) con- 

5Note that the determinant is positive if 2d<c2<0. 
But then the inverse demand function cuts mc from 
below and the second-order conditions cannot hold. 
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TABLE 1 

Constrained? Conjecture Reaction 

yes any 0 
no 0 2 
no -1 -1 

jecture of zero. Lastly, one firm could be 
constrained (with conjecture -1/2) and the 
other unconstrained (with conjecture 0). 

Manipulation of the first-order conditions 
reveals the regions in capacity space in which 
each of these equilibria can obtain. In Figure 
1, region I has both firms constrained, region 
II, neither, while in regions III and IV firms 
one and two only are constrained, respec- 
tively. In region V there are two equilibria. 
Either firm 1 or firm 2 can be constrained 
but not both. 

The nonuniqueness of equilibrium in re- 
gion V is not disturbing in the context of the 
two-stage game. Any notion of individual 
rationality suggests that no firm will invest in 
capacity and then become unconstrained. 
Therefore the interior of regions III, IV, and 
V can be ruled out. On the border, of course, 
the profits are the same whether the firm is 
viewed as just constrained or just not. A 
problem might arise if each firm took the 
(optimistic) view that it was going to be the 
constrained firm, even if it had the larger 
capacity. These mutually inconsistent expec- 
tations could lead to inconsistent two-stage 
equilibria. 

More interesting is the light in which this 
example places the use of capacity as a bar- 
rier to entry. How does an incumbent firm's 
excess capacity serve as a signal of willing- 
ness to compete ex post entry? If the post- 
entry solution concept is the CCE, capacity 
does not have the desired effect. With con- 
stant returns to scale, the incumbent cannot 
find a capacity which induces the potential 
entrant to stay out. This is true even if we 
assume that the incumbent is a Stackelberg 
leader in the capacity game. The key to the 
proof is the nature of the CCE when either 
firm's capacity is small. 

To see that capacity cannot be a barrier, 
assume that firm 1 is the incumbent. Divide 

mI I In 

k2 

VV I \ wI 

k, 

A-C A-C A-C A-C 
FIGURE 1.S[ ,A] t=[A,7] FIGRE1. = -3d '-3d ; =-2d '-2d; 

A__c A__c A-c A-c] 
u=[ 4d '-2d ];v 

- 2d ' -4d ] 

the problem of the entrant, firm 2, into two 
cases depending on firm l's capacity. 

Case I: kI <-(A-c)/2d. In this case, if 
firm 2 enters at small enough capacity, the 
CCE will be in region I, both firms con- 
strained. Therefore, if firm 1 was making 
positive profits, firm 2 can find a small 
enough capacity to make positive profits as 
well. 

Case II:k1)-(A-c)/2d. In this case, 
firm 1 will have excess capacity even after 
entry at small k2. In region IV, where firm 2 
is capacity constrained, firm 1 is not. In that 
region, firm 1 (correctly) conjectures that 
firm 2's output is constant, while firm 2 
knows r21 to be - 1/2. Then the equilibrium 
market values will be 

(41) q2=k2,ql =-(A-c)/2d-k2/2; 

(42) P=A-(A-c)/2+dk2/2; 

(43) HI2=[(A-c)/2+dk2/2-f]k2. 

Equation (43) says that the condition for 
firm 2 to be unable to find a capacity invest- 
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ment which yields positive profit is 

(44) f>(A-c)/2. 
But this is exactly the condition that firm l's 
monopoly price not cover capital charges 
should entry be deterred. Thus deterring en- 
try cannot be profitable. 

This example shows that excess capacity 
alone is not a barrier to entry when all 
players correctly anticipate the post entry 
equilibrium. This is true even though the 
incumbent firm can alter the "rules of the 
game" as well as its "initial conditions" in 
Avinash Dixit's useful distinction. It is clear 
from the proof that this result leans heavily 
on the assumption of constant returns down 
to arbitrarily small scale. 

V 

This section defends consistency of conjec- 
tures as a reasonable restriction on the 
oligopoly solution concept. The defense, 
suprisingly enough, has nothing to do with 
dynamics. Indeed, the problem of con- 
structing an informationally consistent 
oligopoly is a formidable one, as yet un- 
solved. The first half of this section treats 
dynamic arguments; the results are quite 
negative. The second half treats the com- 
parative statics of equilibrium; they lead nat- 
urally to the CCE. 

One argument against some oligopoly 
solution concepts is that they have "incon- 
sistent dynamics." Although I will not use 
the dynamic inconsistency argument, it is 
instructive to step through it for Cournot 
equilibrium. Begin with an arbitrary quantity 
for firm one, say q,. Let firm two take q, as 
given and move to its profit-maximizing out- 
put, q2=P2(ql). Now firm one will move to 
q1=p1(q2)- - Continue until convergence 
at the equilibrium quantities. At every step, 
each firm has maximized profit, taking the 
quantity of the other firm as given. Yet the 
other firm's quantity has in fact changed; the 
firm should notice this and take advantage 
of the information. A possible argument for 
the CCE arises from this dynamic incon- 
sistency. If firms' conjectures are everywhere 
correct, they will be confirmed by these dy- 
namics. 

The inconsistent dynamics argument is un- 
satisfactory because it confuses statics and 
dynamics. Is it an argument against Cournot 
equilibrium or against the particular dy- 
namic used to reach it? Economists routinely 
object to similar cobweb dynamics for per- 
fect competition on rational expectations 
grounds. Perhaps here, as there, the fault 
could lie in the dynamic rather than in the 
equilibrium notion. It would be desirable6 to 
construct a better argument, a rational ex- 
pectations oligopoly, in which dynamic con- 
siderations affect the static equilibrium con- 
cept. But it is not necessary. 

Fortunately, it is not necessary to work 
out the disequilibrium dynamics of oligopoly 
to defend the CCE. The comparative statics 
of equilibrium give firms enough information 
to recover one anothers' behavior. Suppose 
that some variable exogenous to the oligop- 
oly (say, costs, the location of the demand 
curve) is changed. Equilibrium prices and 
quantities will change whatever the nature of 
the equilibrium concept. Suppose that firms 
learn nothing about one anothers' behavior 
from the dynamic process by which the new 
equilibrium is obtained. They can still learn 
one anothers' reactions from the location of 
the new equilibrium. A Cournot firm, know- 
ing the costs, the demands, and that it has 
reaction slope -1/2 can easily learn from 
the movement of market price the one thing 
it does not know-the slope of the other 
firm's reaction. The natural experiment, the 

61t is quite difficult. The discussions of oligopoly by 
Takashi Negishi and by D. W. Bushaw and Robert W. 
Clower (ch. 7) as well as the "conjectural equilibria" of 
Frank Hahn and Jose Trujillo will be useful in attacking 
the out-of-equilibrium dynamics. The theory will have to 
treat several thorny issues. One is a kind of higher-order 
inconsistency. Suppose constant marginal cost duopo- 
lists begin with Cournot (r==O) conjectures. Each then 
observes that the other has a reaction with slope - 1/2, 
and updates its conjecture to have this slope. This gives 
them (optimally: see (23), above) reactions with slope 
-2/3. And this process will continue until they con- 
verge to the consistent Bertrand conjectures. Note that 
the same dynamic inconsistency argument raised against 
Cournot dynamics can be raised here. The firms are 
acting as if one anothers' reactions are fixed. Why do 
they not notice that they are changing? In light of this 
line of argument, I am not sanguine about the possibili- 
ties of a fully consistent oligopoly dynamic. 
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movement of exogenous variables, can reveal 
to firms that their conjectures are incon- 
sistent. This argument does not depend in 
any critical way on the belief that the equi- 
librium comparative statics "actually hap- 
pen." Consider a two-stage oligopoly like the 
one in the last section. Firms must first pick 
capacity, and then, with capacity fixed, price 
or output. At the first stage the only reason- 
able expectations to give firms are the cor- 
rect ones. They should be able to calculate 
their eventual profits as a function of their 
capacities. Performing that calculation re- 
quires knowledge of the second-stage equi- 
librium concept. Are we to assume, then, 
that at the second stage they forget their 
knowledge of one anothers' behavior? There 
will be no intertemporal inconsistency in their 
knowledge if the market equilibrium notion 
is the CCE. 

The sense of the CCE is then this. If firms 
have inconsistent conjectures and it is possi- 
ble for them to learn how their industry 
reacts to exogenous shocks, they will learn 
that their conjectures are wrong. If they have 
consistent conjectures, nothing in the com- 
parative statics of equilibrium will reveal 
those conjectures to be wrong. By what dy- 
namic process the conjectures will come to 
be consistent is an unsolved problem, as is 
the possibility of an informationally con- 
sistent, stable dynamic for oligopoly prices 
and quantities. 

VI. Conclusion 

This paper has solved, in one sense, "the 
oligopoly problem." The indeterminacy of 
duopoly price due to a multiplicity of solu- 
tion concepts has been removed. The cost of 
a determinate price is the denial of all discre- 
tion in firm behavior.7 Whether this cost is 
justified depends on the reasonableness of 
the conditions imposed. 

The reasonableness of the CCE as such a 
condition was discussed in the last section. A 

second defense can be constructed from the 
solution yielded by the CCE. When products 
are perfect substitutes and marginal costs are 
constant, pricing will be competitive. When 
the marginal cost function slopes up or when 
products are less perfect substitutes, pricing 
becomes less competitive. This, I think, is a 
quite intuitive theory of competition. Com- 
petition comes about when increases in 
quantity have no adverse affects on costs and 
when products are close substitutes. 

Related results hint at but do not resolve a 
connection between increasing returns to 
scale and entry. First, in two cases of increas- 
ing returns, there is no duopoly CCE. Sec- 
ond, capacity cannot serve as a barrier to 
entry when returns are constant down to 
arbitrarily small scale.8 These results seem to 
point at a theory in which entry is de- 
termined by cost-minimizing market struc- 
ture. More work on this appears warranted. 

APPENDIX: PROOF OF THEOREM 1 

Theorem 1 can be proved in two lemmas. 
The first shows that there is exactly one CCE 
under the assumption that conjectures are 
linear. The second shows that, when the cost 
and demand systems are linear, any poly- 
nomial conjecture must be linear to be cor- 
rect. 

Recall some notation: 

(Al) dij =aPi/aqJ, 

ci (qi) cio+ cilqi+ ci2(qi )2 /2. 

(A2) Pi(qj ) is firm i reacting toj. 

(A3) rij(qi) is i 's conjecture aboutj. 

LEMMA 1: Under the assumptions of Theo- 
rem 1, there is exactly one CCE with linear 
conjectures. 

7A discussion of the role of discretion in the theory of 
the firm in general and in industrial organization in 
particular can be found in Donald Hay and Derek 
Morris. 

8Some earlier readers of this paper feel that this 
suggests that the CCE is a "perfectness" notion, alluding 
to the work of Thomas Marschak and R. Selten. I can 
see no more than analogy in this, although the suggestion 
is intriguing. 
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PROOF: 
The first-order conditions are 

(A4) 0=Pi-aci(qi)laqi+ (dii+dijrij)qi; 

i=1,2. 

The slopes of the reaction functions are 

(A5) 3p()-2 
(AS qj 2 dii- ci2 + dijrij 

i=1,2 j7#i. 

Note that the linear economic structure im- 
plies that the pij are constant if the rji are. 
The CCE is defined by setting P21= r2, 

P2= r2,. This leaves a quadratic equation in 
r12 and r2,. The roots are 

(A6) rij= -a[(a)(a-4dI2d2I) 
2 

/ [2dij(2djj-Cj2)]; 

(A7) where a_(2d1 _-c12)(2d22-c22). 

The numbers under the radicals are always 
nonnegative. a>O since dii<O, ci2 O. a> 
4d12d21 since the products are assumed to be 
no more than perfect substitutes. 

Equation (A6) seems to imply that there 
are two CCEs. (Not four, since taking the 
positive radical in r12 implies taking it in r21, 
as well.) One of these is economically 
meaningless, since it occurs at negative quan- 
tities. The true CCE is found by taking the 
positive radical. To see this, substitute (A6) 
back into the first-order condition (A4): 

(A8) O=P1-acj(qj)/aqj 

+ [dii+ {-a?+-[(a)(a-4d12d2 )] }/2 

/ [2(2djj-Cj2)]] qi 

Since the markup Pi-acj(qj)/aqj is always 
positive, the sign of qi depends only on the 

bracketed term. Expanding the bracket yields 

(A9) d _ 2d'1 Ci2 
2 

2dii-ci2 ( a-4dl2d2l 1/2 

2 t a 

Since dii<0, ci2 20, (A6) is negative if and 
only if the positive radical is taken. Hence 
qj>0 only if the positive radical is taken. 

It should be mentioned at this point that, 
in the definition of the CCE, we have not 
allowed firms to shut down. Using only local 
information, we have no way of telling 
whether price is over average cost. There are 
two ways for the total condition to fail. One 
is if the fixed costs are so high that they 
overwhelm operating profits. This can clearly 
be dealt with only by calculating operating 
profits and assuming fixed costs smaller. The 
other difficulty arises when the firms are 
close substitutes and one of them has a cost 
advantage. For example, when mc is con- 
stant, and the products perfect substitutes, 
both firms must have the same mc or there is 
no equilibrium. This, too, is dealt with by 
direct ruling out under Assumption 3. 

The exact assumptions on technology and 
demand made in Assumption 3 can now be 
spelled out explicitly. First, let the reaction 
slopes take on their CCE values: 

(AIO) rjj=-a +[(0a)(a-_4d12d21) )]2 

/ [2dij(2djj-Cj2 )] . 

Then write out the equations defining the 
equilibrium quantities: 

(All) 
(2d 1 +d12r12- c12 )ql +dl2q2 = C11 -do 

d2jqj + (2d22+d2,r,2- C22 )q2 = C2-d20; 

the condition for qi to be positive is then 

(A 12) [2 djj + d? i ri -cj2] ( Ci l-dio) 

- 
di (cj 

- 
djo < 
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This condition will be satisfied whenever i's 
zero-quantity markup is not too much less 
than j's, or when i's demand is suitably 
independent of j's (in the sense that dij is 
small). The other half of Assumption 3 is 
that no shutdown occur. Using (A4), the 
condition that firm i's price exceed average 
cost is 

(A 13) mc -ac >qi Idii +dii rij]. 

Since the bracketed term is negative, the 
right-hand side is as well. Thus price can fall 
below average cost only when average cost 
exceeds marginal in equilibrium. Since aver- 
age cost is not falling under Assumption 2, 
this is only the assumption that the fixed 
costs are not too large. 

LEMMA 2: In the linear situation of theorem 
1, any CCE with polynomial conjectures has 
linear conjectures. This is a straightforward 
proof by contradiction. Assume that r12(q,) 
and r21(q2) are polynomials of arbitrarily large 
order, say of order k. I reproduce the first-order 
condition: 

(A14) O=Pi-c'i(qi)+qi(d i+d jrij(qi)) 

i= 1,2 j#i. 

The reaction function is defined by solving 
(A9) for qi in terms of qj. The slope of the 
reaction function is 

(A15) api (qj )1aqj= -dijl(2dii-ci 

+dijrij( qi) +dijqiarij(qi)aq) 

The denominator of the right-hand side (A14) 
is a k th order polynomial in qi. Firm i's 
reaction function has been assumed to be a 
polynomial in qj. Therefore the left-hand 
side of (A 14) is a k -1 th order polynomial in 
qj. Clearly there is no e neighborhood on 
which these two assumptions are consistent 
unless k=0, the conjectures are linear. 
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